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Abstract 

The inhomogeneous Groshev type theory for dual Diophantine approximation on 
manifolds is developed. In particular, the notion of nice manifolds is introduced 
and the divergence part of the theory is established for all such manifolds. Our 
results naturally incorporate and generalize the homogeneous measure and dimen- 
sion theorems for non-degenerate manifolds established to date. The generality of 
the inhomogeneous aspect considered within enables us to make a new contribution 
even to the classical theory in M. n . Furthermore, the multivariable aspect considered 
within has natural applications beyond the standard inhomogeneous theory such as 
to Diophantine problems related to approximation by algebraic integers. 
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1 Introduction 



1.1 Motivation and main results 

Throughout IR + = (0,+oo), | • | denotes the supremum norm, || • || is the distance to the 
nearest integer and a • b := a\b\ + • • • + a n b n is the standard inner product of vectors 
) and b = {pi, . . . ,b n ) in R n . Furthermore, : M n — > R + will denote a 
function such that 

*(ai,...,a n ) 6 n ) if |aj| ^ |&,| for all i = 1, . . . ,n, (1) 
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and will be referred to as a multivariable approximating function. In the special case 
when ^(a) = V(|a|) f° r a monotonic function if) : R + — > R + we simply refer to if) as an 
approximating function. 

Given a multivariable approximating function \1/ and a function 8 : R n — > R, define the 

set 

n ^ ^ \j for infinitely many a G Z n \ {0} J ^ ^ 

For obvious reasons points y in W^(\l/) are referred to as (^/,8)-approximable and when 
\l/(a) = ^(l a l) we naturally write W°(4>) for W^(\I / ). In the case the function 8 is constant, 
the set W®(^) corresponds to the familiar inhomogeneous setting within the general theory 
of dual Diophantine approximation. In turn, with 8 = the corresponding set reduces to 
the homogeneous setting and is denoted by W n (^). Note that within the homogeneous 
setting, points in R n are approximated by (n— l)-dimensional rational planes and Groshev's 
fundamental theorem [23] §2.3] in the theory of metric Diophantine approximation provides 
a beautiful and simple criterion for the 'size' of yV n {?p) expressed in terms of n-dimensional 
Lebesgue measure | . | n . Essentially, for any approximating function if) 



|W n (V)| 




n - l lf)(t) < 00, 
n - l lf)(t) = 00. 



Here 'Full' simply means that the complement of the set under consideration is of measure 
zero. Many years later, and building upon the work of Jarmk, this criterion was gener- 
alized to incorporate Hausdorff measures |33j. For background, precise statements and 
generalizations to the inhomogeneous and multivariable aspects the reader is refereed to 
[SI EH EU EE] and references within. 

Let M. be a manifold in R™. In short, our primary goal is to develop a metric theory 
for the sets M. fl W^(\I/) akin to Groshev's theorem. The fact that the points y e R n of 
interest are restricted to M. and therefore are of dependent variables, introduces major 
difficulties in attempting to describe the measure theoretic structure of M. flWf($) - even 
with 8 = and ^ = if). Trivially, if the dimension of the manifold is strictly less than n 
then \Ai\ n = 0. Thus, in attempting to develop a Lebesgue theory for M. fl W^(^) it is 
natural to use the induced Lebesgue measure | . \m on M. Trivially, the measure of the 
complement of M. with respect to | . \m is zero and so by definition |7W |^vr := Full. 

In 1998, Kleinbock & Margulis [39] established the fundamental Baker-Sprindzuk con- 
jecture concerning homogeneous Diophantine approximation on manifolds. As a conse- 
quence, for non-degenerate manifolds \M. fl W n (\I/ f: )|x = where ^/ e (a) := |a| _ri ~ e and 
e > 0. Essentially, non-degenerate manifolds are smooth sub- manifolds of R™ which 
are sufficiently curved so as to deviate from any hyperplane. Formally, a manifold A4 
of dimension m embedded in R" is said to be non- degenerate if it arises from a non- 
degenerate map f : U — > R n where U is an open subset of R m and Ai := f(U). The map 
f : U — > R™ : u i — y f (u) = (^(u), . . . , / n ( u )) is said to be I -non- degenerate at u £ U if f 
is / times continuously differentiable on some sufficiently small ball centred at u and the 
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partial derivatives of f at u of orders up to / span IR n . The map f is I -non- degenerate if it is 
/-non-degenerate at almost every (in terms of m-dimensional Lebesgue measure) point in 
U; in turn the manifold AA = f(U) is also said to be /-non-degenerate. Finally, we say that 
f is non- degenerate if it is /-non-degenerate for some I; in turn the manifold Ai = f(U) is 
also said to be non-degenerate. It is well known that any real connected analytic manifold 
which is not contained in any hyperplane of ~R n is non-degenerate. 

Without a doubt, the proof of the Baker- Sprindzuk conjecture has acted as the catalyst 
for the subsequent development of the homogeneous theory of Diophantine approximation 
on manifolds. In particular, the significantly stronger Groshev type theorem for A^nW„(^) 
has been established - see [H 121] for the zero measure criterion and [10] for the full measure 
criterion. Staying strictly within the homogeneous setting, for recent developments regard- 
ing the 'deeper' Hausdorff measure theory and the simultaneous approximation theory we 
referee the reader to [21 El [HI [121 EE [191 E21 EH] and references within. 

Until the recent proof of the inhomogeneous Baker-Sprindzuk conjecture [HI [17] . the 
theory of inhomogeneous Diophantine approximation on manifolds had remained essen- 
tially non-existent and ad-hoc - see [TJ [221 [251 SSI HZ|- As a consequence of the measure 
results in [T7J we now know that for any non-degenerate manifold Ai and 9 = constant, 

\MnW e n ^ e )\ M = V e>0. (3) 

Clearly, this statement is far from the desirable Groshev type theorem even for MflWf(^). 
As mentioned above, such a statement exists within the homogeneous setting. This paper 
constitutes part of an ongoing programme to develop a coherent inhomogeneous theory 
of Diophantine approximation on manifolds in line with the homogeneous theory. In the 
case of simultaneous approximation on planar curves, the programme has successfully been 
carried out in [13]. Here we deal with the dual approximation aspect of the programme. 

Our first result provides a zero Lebesgue measure criterion for Ai H W„(\I/). It rep- 
resents the complete inhomogeneous version of the main result of [21] and it implies (J3|) 
without imposing the condition that the 'inhomogeneous' function 9 : IR n — > M is constant. 
Throughout, 9\m will denote the restriction of the inhomogeneous function 9 to Ai and as 
usual, will denote the set of n-times continuously differentiable functions. 

Theorem 1 Let Ai be an I -non- degenerate manifold in W 1 (n ^ 2) and 9 : IR n — >• M be a 
function such that 9\m E C"\ Let \I> be a multivariable approximating function. Then 

|W^)n^| M = if J2 *(a)<°°- 

aeZ"\{0} 

For the divergence counterpart, we are able to prove the more general statement in 
terms of s-dimensional Hausdorff measure 1-L S . However, there is a downside in that we 
impose a 'convexity' condition on ^ which we refer to as property P. For an n-tuple 
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v = (vx, . . . , v n ) of positive numbers satisfying v\ + • • • + v n — n, define the w-quasinorm 
| ■ | v on R™ by setting 

|y| v := max \yi\ 1,Vl . 

A multivariable approximating function \I/ is said to satisfy property P z/\E'(a) = ^(|a| v ) 
for some approximating function ip and v as above. Trivially, with v = (1, . . . , 1) we have 
that |a| v = |a| and we see that any approximating function ip satisfies property P, where 
ip is regarded as the function a i— > 

Theorem 2 Let Ai be a non- degenerate manifold in R n of dimension m and let s > m — 1. 
Let 9 : R n — > R be a function such that 9\m ^ and ^> be a multivariable approximating 
function satisfying property P. Then 

W{w e n {^)nM) = u s (M) if Yl l a 

a£Z™\{0} 

The above theorem will be derived from a general statement which significantly broad- 
ens the scope of potential applications and is of independent interest. Given a manifold 
Ai C R n , an n-tuple v = (t>i, . . . ,v n ) of positive numbers satisfying v\ + • • • + v n = n, 
5 > and Q > 1, let 

$v(Q, := {yeM:3ae IP \ {0} such that ||a ■ y|| < 5Q- n and |a| v ^ q\. 

As a consequence of Dirichlet's theorem, & V (Q, 5) = Ai if 5 > 1. We say that the manifold 
Ai is \-nice at y G Ai if there is a neighborhood Q C Ai of y and constants < 5, u < 1 
such that for any ball B C Q we have that 

limsup |$ v (<5, 5) fl B\ M ^ u\B\ M . 

The manifold is said to be v-race if it is v-nice at almost every point in Ai. Furthermore, 
the manifold is said to be nice if it is v-nice for all choices of v. 

Theorem 3 Let Ai be av-nice C&> manifold inW 1 of dimension m and let s > m—1. Let 
9 : R n — > R be a function such that 9\m G C and ^(a) = ^(|a| v ) for some approximating 
function ip. Then 

W{w e n {^>) nM) = u s (M) if Yl l a 

aeZ™\{0} 

A consequence of Lemma |4] in §3.11 is that non-degenerate manifolds are nice. Thus 

Theorem [3] ==>- Theorem [2j 
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1.2 Remarks and Corollaries 



Remark 1. For s < m, the non-degeneracy of M. in Theorem [2] can be relaxed to 
the condition that there exists at least one non-degeneracy point on M.. Also, note that 
W S (A4) = oo when s < m. 

Remark 2. It follows from the definition of Hausdorff measure that "H s (W^( , ?/>) D M.) < 
T-L S {M) = for any s > m irrespective of Thus the meat of Theorem [2] is when s < m. 

Remark 3. To the best of our knowledge, Theorem [2] with Ai = R n and 9 ^ constant is 
new. In other words, the theorem makes a new contribution even to the classical theory of 
Diophantine approximation of independent variables. 

Remark 4- We suspect that Property P imposed in the statement of Theorem [2] can be 
safely removed. This constitutes a challenging problem even in the homogeneous case. 

Remark 5. Consider the problem of Diophantine approximation on the Veronese curves 
M := {(x, x 2 , . . . , x n ) : x G R}, where n ^ 2. Take 9(x, ...,x n ) = x n+1 . Then the 
inequality in fl2]) becomes 



Clearly the function 9 as defined above is C^°°\ In the case when ^(a) = i/>(|a|) the 
corresponding divergence results have been proved by Bugeaud [30] and the corresponding 
convergence results by Bernik & Shamukova [261 HI] ■ Theorems 1 and 2 naturally extend 
their results to the case of multivariable approximating functions 

We now discuss various corollaries of our main theorems which are of independent 
interest. The following statement is a direct consequence of Theorem [2] and the fact that 
any approximating function ip satisfies property P. 

Corollary 1 Let Ai be a non- degenerate manifold in W 1 of dimension m and s > m — 1. 
Let 9 : lR n — )■ R be a function such that 9\m and ip be an approximating function. 



In the case of curves this corollary was first established in [T]. In the case s — m, the 
Hausdorff measure H s is comparable to the induced m-dimensional Lebesgue measure 
| . |^ on and Corollary [T] represents the complete inhomogeneous version of the main 
result of [10]. Furthermore, Theorem [ljtogether with Corollary [TJ provides a simple criterion 
for the 'size' of VVJ^VO ^ expressed in terms of the induced measure; i.e. the desired 
inhomogeneous Groshev type theorem for manifolds. More precisely and more generally, 
under the hypotheses of Theorem [TJ we have that for any \l/ satisfying property P 



x n+1 + a n x n H h aix + a \ < ^(a) . 



Then 




s+l—m 



= OO. 



t=l 




M 





*(a) = oo . 
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In the case s < m, Corollary [T]naturally generalizes the homogeneous result of [TTJ Theorem 
18]. It is worth stressing that even with 8 = 0, Theorem [2] can be regarded as develop- 
ing the homogenous theory of Diophantine approximation on manifolds by incorporating 
multivariable approximating functions. 

Given an approximating function ip, the lower order of 1/ip is defined by 

. -log^(t) 
7V, := hmmt — 

i^oo log t 

and indicates the growth of the function 'near' infinity. With this definition at hand, 
it is relatively easy to verify that the divergent sum condition of Corollary [T] is satisfied 
whenever s<m — l + (n + l)/ (r^ + 1). It follows from the definition of Hausdorff measure 
and dimension that dim(>V*(^) C M) ^ s if U s (W*(V>) n M) > and W(M) > if 
s < dim.M. Thus, Corollary [1] readily yields the following inhomogeneous version of the 
dimension result of [32] . 

Corollary 2 Let Ai be a non- degenerate manifold in R n of dimension m and 9 : R™ — > R 
be a function such that 6\m G . Let ip be an approximating function such that n < 
< oo. Then 

dimW^(V>) nM ^ m-l + ^\. (4) 

7Vj + 1 

In the case that 9 = constant and ip(t) := t~ T with r > n, this dimension statement 
corresponds to the main result of [27]. However, Corollary [1] implies the stronger measure 
statement that U s (W e n (i}) n M) = oo at s = m - 1 + (n + l)/(r + 1) which in all 
likelihood is the critical exponent. In a wider context, it would not be unreasonable to 
expect that the above lower bound for dim (■?/>) C\ Ai is in fact sharp. Even within 
the homogenous setting, establishing equality in (J3J) represents a key open problem. To 
date the homogeneous problem has been settled by Bernik [20] for Veronese curves and 
by R.C.Baker [3] for non-degenerate planar curves. For non-degenerate curves in R n the 
current results are limited to situation that t$ < n + - see [S]. Most recently, the 
inhomogeneous version of Baker's result has been established in [TJ. In other words, if Ai 
is a non-degenerate planar curve then in (jJJ) we have equality. 

1.3 Possible developments 

Affine subspaces. The homogeneous Groshev type theorems are established for lines passing 
through the origin in [TJ and for hyperplanes in [37]. It is likely that the techniques 
developed in this paper can be used to extend these results to the inhomogeneous setting. 
Note that affine subspaces are degenerate everywhere and so Theorems [T] & are not 
applicable. It is worth mentioning that the general case, in which the dimension of planes 
is arbitrary, is unresolved even in the homogeneous setting - see [38] for further details. 
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Manifolds in affine subspaces. By definition, any manifold contained in a proper affine sub- 
space of M. n is degenerate. Nevertheless the 'extremal' theory of homogeneous Diophantine 
approximation for such manifolds has been developed in [38]. A natural problem is to 
develop the analogous inhomogeneous theory and more generally obtain a Groshev type 
theory. For the same reason as above, Theorems [1] & [2] are not applicable in this setting. 

The p-adic setting. The homogeneous Groshev type theorems have recently been estab- 
lished in |4T1 H2] for the i S- arithmetic' setting. This builds upon the 'extremality' results 
of Kleinbock and Tomanov [ID] and includes the more familiar p-adic case. In all like- 
lihood the techniques developed in this paper can be used to extend the homogeneous 
S-arithmetic results to the inhomogeneous setting. For inhomogeneous p-adic results re- 
stricted to Veronese curves see [22], [29j H6] . 

The non-monotonic setting. By definition, any approximating function tp is monotonic. 
Thus, monotonicity is implicitly assumed within the context of the classical Groshev theo- 
rem as stated in §1.11 Recently in [18] . this classical result has been freed from all unneces- 
sary monotonicity constraints. Naturally, it would be highly desirable to obtain analogous 
statements for Diophantine approximation on manifolds. This in full generality is a difficult 
problem. Even in the case ^(a) = ^(|a|), to remove the implicit monotonicity assumption 
from Theorems [1] & [2] is believed to be currently out of reach. For homogeneous convergent 
Groshev type results without monotonicity but restricted to non-degenerate curves in IR n 
see [5j [28]. In the first instance it would be interesting to extend these homogeneous results 
for curves to the inhomogeneous setting. 

1.4 Global assumptions and useful conventions 

In the course of proving our results we will conveniently and without loss of generality 
assume that the manifold A4 under consideration is immersed in R n via a smooth map 
f = (/i,...,/„) : U ->• W 1 defined on a ball U C R m . Thus, M = (f(x) : x G U}. 
Furthermore, in view of the Implicit Function Theorem we can assume that 

/i(x) = Xi for % = 1, ...,m. 

In other words, f is a Monge parameterisation of Ai. Note that this implies that f is locally 
bi-Lipschitz. 

Let At 6) denote the projection of W^(^) H M onto U; that is 

M%0)'-= {xGf/ : f(x)eWj(*)}. 

Thus, a point x G Af(^>,9) if and only if the point f(x) G M. is Of (x))-approximable 
with 6*f(x) := #(f(x)). For convenience and clarity we will drop the subscript from 9f. 
In the case when ^(a) = ^ ( | si | ) for some approximating function ip we write Af(ip,0) for 
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Af{$!,9). A consequence of the fact that f is locally bi-Lipschitz is that Theorems [TH3] can 
be equally stated in terms of Af 9). Indeed the proof of the theorems will make use of 
this alternative formulation. 

In the case of Theorem [1] the functions f and 9 are . Thus we can assume without 
loss of generality that there is a constant C > depending only on U, f and 9 such that 

max sup |f w (x)| ^ C and max sup |# W ( X )| ^ Co- (5) 

In the case of Theorems [2] & [3] the functions f and 9 are and therefore without loss of 
generality we can assume (jSJ) with 1 — 2. 

Notation. The Vinogradov symbols <C and ^> will be used to indicate an inequality with 
an unspecified positive multiplicative constant. If a <C b and a > i we write a x b, and 
say that the quantities a and b are comparable. We denote by B = B(pc, r) the ball centred 
at x G M m with radius r. For any real number A > 0, we let XB denote the ball B scaled 
by a factor A; i.e. XB(pc, r) := B(pc, Ar). 



2 The convergence theory 

The goal is to prove Theorem [TJ Thus, throughout ^ is a multivariable approximating 
function satisfying the convergent sum condition 

*(a)<oo. (6) 

»\{o} 



In view of the discussion of §1.41 the goal is equivalent to establishing \A{ 9)\ m = 0. 
Note that the set Af 9) can be written as 

oo 

.A,(tt,0) = limsupA,(a,tt,0):= f| (J A f (a,#,0), 

l a l^°° h=l |a|>h 

where 

A f (a,tt,0) :={xGC7: ||a • f(x) + 0(x)|| < tf(a)} . 

For each a G Z n \ {0} it is convenient to decompose the set (a, 9) into the following 
two subsets 

Aj(a,*,0):={xeA(a,*,0) : |V(f ■ a + 0)(x)| ^ d (a) 1 ^ } ( 7 ) 

and 

Aj(a, \P, 9) := {x G A(&, ^, 9) : |V(f • a + 0)(x)| < d |a| 1/2 } . 
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Here V as usual denotes the gradient operator and 



d := y/(n + l)mC (8) 

where C is as in (jSJ). Obviously 
where 

oo 

A\{^,9) =]imsup^(a,tf,0) := f] |Ji4j(a,tf,0) (i = 1,2). 

The desired statement that |*4f 6)\ m = will follow by establishing the separate cases: 
Case A |^(*, 0)| TO = 
Case B 0)| m = 0. 

2.1 Establishing Case A 

The aim is to show that \A} 9)\ m = 0. This will follow as a consequence of Theorem 1.3 
from [23] which is now explicitly stated using slightly different notation. 

Theorem 4 (Bernik, Kleinbock &c Margulis) Let B C lR m be a ball of radius r > 
and let g = (gi,g2, ■ ■ ■ , SW-i) £ C^(2B). Fix S > and suppose that 



L := max sup 

ls£i,is;m xe2B 



<9 2 g(x) 



< oo. (9) 



T/ien /or every q G Z n+1 swc/i i/ia£ 



|q| > 4(n + l)Lr» (10) 



t/ie set o/x£5 satisfying the system of inequalities 

||g(x) ■ q|| < 5 

|Vg(x)-q| ^ ((n + l)mL |q|) 1/2 
/ias measure at most K S\B\ m , where K is a constant depending only on m. 



[ID 
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With the above theorem at our disposal, consider any non-empty open ball B such that 
2B C U. Let g = (/i, f 2 , . . . , /„, 9) and q = (ai, . . . a n , 1) where a = (ai, . . . , a n ) e Z n \{0}. 
Then, in view of (JH]), we have that ([9]) is automatically satisfied. Furthermore, ( flOl) holds 
for all except finitely many a e Z n \{0}. In view of (J5]) and (jHJ), the lower bound inequality 
of (llip is implied by the inequality associated with ((7j). Therefore, Aj(a, \I/,#) n 5 is 
contained in the set defined by (fTTj) with 5 := ^(a). It now follows via Theorem HI that 



where the implied constant is independent of a. This together with fl6]) and the Borel- 
Cantelli lemma readily implies that |^4f( 1 I',^) fl B\ m = 0. Now simply observe that the 
open balls B such that IB C U cover the whole of U. The upshot is that \Af 9)\ m = 
as required. 

2.2 Preliminaries for establishing Case B 

Establishing Case B relies upon the recent transference technique introduced in [17] and 
the properties of (C, a)-good functions introduced by Kleinbock & Margulis in [39J. 

2.2.1 Good functions 

The following formal definition can be found in |39j . 

Definition 1 Let C and a be positive numbers and / : V — > K. be a function defined on 
an open subset V of R m . Then / is called (C,a)-good on V if for any open ball B C V 
and any e > one has that 



We now recall various useful properties of (C, a)-good functions. 

Lemma 1 ([24, Lemma 3.1]) 

(a) If f is (C, a) -good on V then so is 7/ for any 7 G R. 

(b) Iff and g are (C,a)-good on V then so is max{|/|, \g\}. 

(c) If f is (C,a)-good on V then f is (C, a') -good on V for every C ^ C, a' ^ a and 



Aj(a,tf,0)n£| m < tf(a) 




(12) 



V C V. 



(d) If f is (C, a) -good on V and C\ < j^Or < c 2 for all x e V, i/ien is (C(c 2 /ci) a , a) 
^oog! on V. 
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The next lemma is the key tool for establishing that a given function is (C, a)-good. The 
following notation is needed to state the lemma. An m-tuple = . . . ,(3 m ) of non- 
negative integers will be referred to as a multiindex and we let 1/31* := (3\ + ■ • • + (3 m . Given 
a multiindex (3, let 

Or := — 3 3- and df - 



dxfc---dxfr 1 ' dx 



Lemma 2 ([24, Lemma 3.3]) Let U be an open subset of W m and let g E C^ k \U) be 
such that for some constants A\, A 2 > 

\d p g(pc)\ ^Ai V with < k, (13) 

and 

\%g(x)\>A 2 Vi = l,...,m (14) 

/or a// x 6 [/. v4/so /et 6e a subset of U such that whenever a ball B lies in V any cube 
circumscribed around B is contained in U . Then g is (C, -\)-good on V for some explicit 
positive constant C depending on Ax, A 2 , m and k only. 



The following proposition^ is a generalization of Proposition 3.4 from [2H . 



Proposition 1 Let U be an open subset o/R m ; Xo £ U and let T C C"'(U) be a compact 
family of functions f : U — > R for some 1^2. Assume also that 

inf max I (x )| > . (15) 

TTien £/jere exists a neighborhood V G U of x and positive constants C and 5 satisfying 
the following property. For any G C^{U) such that 

sup max |5gO(x)| ^ 5 (16) 

xe {/ |/3|»<i 

and any f E T we have that 
(a) / + 9 is (C, ±) -^ood on V, 



(b) |V(/ + 6)| is (C, T ^)-goodonV. 

*In Proposition [1] we assume that J- is compact. This assumption is not made in Proposition 3.4 of 
[24] although it is used in its proof. Note that the compactness of T does not follow from the assumption 
that {V/ : / G J 7 } is compact. In fact, the family T defined in Corollary 3.5 of .24 ], which is the main 
application of [24] Proposition 3.4], is not compact. The proof of the corollary as given in [24] is therefore 
incomplete. Nevertheless, the corollary as stated is correct. These issues are carried over unaddressed into 
Theorem 4.5 of [H]. In this paper the issues are addressed by our Proposition [T] and Corollary [3] 



11 



Proof. The proof is a modification of the ideas used to establish Proposition 3.4 in |24j . 
First of all note that in view of (fT5|) . there exists a constant C\ > such that for any 
/ G J one can find a multiindex /3 with < — k ^ I, where /c = such that 

^/(xo^d. (17) 

Since the number of different /3's is finite, without loss of generality we can assume that /3 
appearing in (j!7p is the same for all / G J 7 . By an appropriate rotation of the coordinate 
system one can ensure that 

|#/(xo)|>C 2 (18) 

for all % — 1, . . . , m and some positive C*2 independent of /. Here d denotes differentiation 
with respect to the rotated coordinate system. Also, by (|T6|) there exists a constant c = 
c{l) > 1 such that 

sup max |d#0(x)| ^ c5. (19) 
xec/ \P\*<i 

Now take 5 := C 2 /(2c). Then, by (JTHJ and (JTSJ, for any / G 7 we have that 

|Sf(/ + e)(xo)| >6 for alH = l,...,m. 

Then, by the continuity of derivatives of / + and the compactness of J 7 , we can choose 
a neighborhood V C U of x and positive constants Ai,A 2 independent of / such that 
( fi~3l) and ( TT4l) with d replaced by d hold for all x G V and all ^ = / + 6. Finally, 
let V be a smaller neighborhood of xo such that whenever a ball B lies in 1/, the cube 
B circumscribed around B is contained in V . Then, on applying Lemma |2] establishes 
part (a) of Proposition [TJ 

Regarding part (b), first assume that k appearing in f JT8l) is at least 2. Since T is 
compact and differentiation is a continuous map from C®(U) to CV-V(U), we have that 
for every % = 1, . . . , m 

Ti := {dif : f G J 7 } is compact in 

In view of the definition of J 7 condition ( fl5|) holds when Z is replaced by / — 1 and J 7 
is replaced by Ti. Therefore, the arguments used to prove part (a) apply to Ti and 
we conclude that for every / 6 Jj the function &i(f + 9) is (Cj, m ^ 1 _ 1 ^ )-good on some 

neighborhood Vi of x . It follows via Lemma [U that |V(/ + 0)| is [C, m( -/_ 1 - ) )-good with 

C = maxj Cj, 1/ = fljVi and / G J 7 . Naturally, V denotes the gradient operator with 
respect to the rotated coordinate system. Now simply notice that the quantity 

|v(/ + e)(x)| 
|v(/ + e)(x)| 

for all x G V is bounded between two positive constants. Hence, by making use of part 
(d) of Lemma [1] we obtain the statement of part (b) of Proposition [TJ 
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It remains to consider the case when k appearing in (1TB]) is equal to 1. Let Ai,A 2 and V 
be defined as in the proof of part (a) above. Then, 

A 2 < |V(/ + 9)(x)| < A x forallxGV. (20) 

In view of part (d) of Lemma [U and the definition of (C, a)-good functions, to complete 
the proof it suffices to verify that 



{xeB: |V(/(x)+e(x))|<esup|V(/(y) + e(y))|} 

yeB 



^[^Y l e&\B\ m (21) 



A 



for any positive e and any B C V. Firstly, note that if e ^ A 2 jA\ then the r.h.s. of (|2"T|) 
is at least \B\ m and so (T2~T]) is obviously true. Thus, suppose that e < A 2 /Ai, Then in 
view of (120]) . the set on the l.h.s. of (|2ip is empty and again ( 12 ip is trivially satisfied. This 
thereby completes the proof of the proposition. □ 



Corollary 3 Let U be an open subset of R m , x G U and let f — (fx, ... , f„) : U — > R n 
be l-nondegenerate at x for some I ^ 2. Let 9 G C^(U). Then there exists a neighborhood 
V C U of xo and positive constants C and Hq such that for any a G W 1 satisfying |a| ^ Hq 

(a) a + a • f + 9 is (C, —^-good on V for every a G R, and 

(b) \V(a-f + 9)\is(C,^)-goodonV. 

Proof. To start with choose the neighborhood V C U of x so that f and 9 are bounded 
on V. Then there exists a positive constant K such that 

Bup|f(x)| ^ K/(n + l) and sup |6»(x)| ^ K/(n + 1). (22) 
xev xev 

Let / be the function given by /(x) := a + a ' f ( x ) + $( x )- Assume for the moment that 
| do | ^ 2fT|a|. Then, on using (122]) we find that 

sup|/(x)| < 3in{ M/(x)| 

for any ball B G V. Therefore, if e < 1/3 then the set on the l.h.s. of (1T2]) is empty and 
(I12p is trivially satisfied with any positive C and a. On the other hand, if e ^ 1/3, then 
(I12p is obviously true for any C ^ 3 and any positive a ^ 1. The upshot is that part (a) 
of the corollary holds for any C ^ 3 and < a ^ 1 whenever |ao| ^ 2if|a|. Thus, without 
loss of generality we will assume that |ao| ^ 2X|a|. 

Let J 7 be the collection of functions of the form c • f(x) + cq, where eel" such that 
|c| = 1 and | Co | ^ IK. Using the compactness of the set 

{c G R" : |c| = 1} x {c G R : |c | ^ 2K} , 
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one readily verifies that T is compact in C"'(JJ). This together with the fact that f 
is non-degenerate at x ensures that T satisfies (|T5|) . Next note that by shrinking the 
neighborhood V of xo if necessary, we have that 

sup max |<9fl0(x)| ^ M 

for some positive constant M. Now let C and S be the contants associated with Proposi- 
tion [1] and let 

H := M/S. 

Consider an arbitrary vector a G M. n with |a| ^ H and any real number a such that 
| o. 1 ^ 2K|a|. Then, 9 given by 0(x) := 0(x)/|a| satisfies f|T6|) and 

/:x^/(x) := lal-^ao + ^-a) 

belongs to the compact family J 7 . In view of Proposition HJ the function / + given by 
/(x) + 0(x) = |a| _1 (ao + f (x) • a + 6*(x)) satisfies the desired conclusions of the corollary. 
The assertions for the function without the |a| _1 multiplier are a simple consequence of 
part (a) of Lemma [TJ □ 

Proposition 2 Let U, xo and J 7 be as in Proposition U\ and suppose that (115j) is valid. 
Then for any neighborhood V dU ofxo,we have that 

inf sup | /(x) | > 0. 

Proof. In view of ( fTBT) it follows that ||/||v : = sup xg y l/( x )l > f° r every f E J 7 and 
any neighborhood V C U of xo. The map / t— > ||/||v is continuous with respect to the 
norm. By the compactness of J 7 , we have that inf/ e j- = ||/o||v for some fo G J 7 . The 
claim of the proposition now follows on combining these facts. □ 

Corollary 4 Let U, xo, f and 9 be as in Corollary^ Then for every sufficiently small 
neighborhood V C U of x 0; there exists H > 1 such that 

inf sup | ao + a • f (x) + 0(x)| > 0. 

(a,oo)GK n+1 x€V 
|a|3=H 

Proof. Consider any neighborhood V C Z7 of x for which the inequalities given by ( 122|) 
are satisfied for some K > 0. Let / denote the function given by /(x) := ao + a-f (x) + 0(x). 
Notice that if |ao| ^ 2X|a|, then in view of ( 1221) it follows that 

sup|/(x)| ^ > K > 

xev 

for any (a, ao) G M ra+1 with |a| ^ Hq > 1 and |ao| ^ 2iT|a|. Thus for the rest of the proof 
we may assume that |ao| ^ 2fT|a|. 
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As in the proof of Corollary [3j let J 7 be the collection of functions of the form c • f (x) + cq, 
where ceR™ such that |c| = 1 and |co| ^ 2K. Then J 7 is a compact subset of C^ l \U) and 
since f is non-degenerate at xo, we have that T satisfies ( fl5l) . Thus, Proposition [2] implies 
that M := inf/ e jr sup xgy |/(x)| > 0. Therefore, for any (a, a ) £ R n+1 with |a| ^ H > 1 
and |ao| ^ 2iT|a| we have that 

sup |a + a-f(x)| ^ MH . (23) 
xev 

Now take H > max{l, K/M}. Then, by ((22) and (|23) it follows that 

sup \a + a • f(x) + 0(x)| ^ M# /2 
xev 

and this completes the proof of the corollary □ 



2.2.2 Inhomogeneous Transference Principle 

In this section we describe a simplified version of the Inhomogeneous Transference Principle 
introduced in [171 Section 5]. The simplified version takes into consideration the specific 
applications that we have in mind. Throughout, V denotes a finite open ball in IR m and /i 
is m-dimensional Lebesgue measure restricted to V. Clearly the support of // is the closure 
V of V. For consistency with the notation used in [17], will be write S for V. 

Let T and A be two countable 'indexing' sets and let H and I be two maps from 
T x Ax R + into the set of open subsets of lR' m such that 

H : (t, a, e) M- H t (o;, e) and I : (t, a, e) M- lt(a, e). (24) 

Let $ denote a set of functions <p : T — >■ IR + . For <fi £ $, consider the limsup sets 



Ai(0) := limsup I) l t (a,0(t)) and Ah(0) := limsup M H t (a,0(t)). (25) 
teT V\, teT 7T. 

The following two key properties enables us to transfer zero /i-measure statements for the 
'homogenous' limsup sets Ah(0) to the 'inhomogenous' limsup sets Ai(0). 

Intersection Property: The triple (H, I, $) is said to satisfy the intersection property if 
for any cf) £ $ there exists <fi* £ $ such that for all but finitely many t £ T and all distinct 
a,a' E A 

l t (a,0(t))nl t (a',0(t))c J HtK,f (t)). (26) 

a"eA 

Contracting Property: We say that \x is contracting with respect to (I, $) if for any 

(j) £ $ there exists + £ $ and a sequence of positive numbers {fc t }teT such that 

h < oo (27) 

teT 
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and for all but finitely many t G T and all a G A there exists a collection Ct, a of balls B 
centred in S satisfying the following three conditions: 



Snl t (a,0(t))c |J B, (28) 
Sn [J £?CItK0 + (t)) (29) 

BdC t , a 

and 

//(5£ n I t (a, 0(t))) < fet A*(5B). (30) 

The following transference theorem is an immediate consequence of [T7| Theorem 5]. 

Theorem 5 Suppose that (H, I, $) satisfies the intersection property and // is contracting 
with respect to (I, $). T/ien 

V0G$ /i(A H (0)) = O V0G$ //(Ai(0))=O. 



2.3 Establishing Case B 

Recall that our aim is to show that \A^ (*, 8)\ m = 0, where * satisfies (DQ) and (E}. Using 
(JT]) and one readily verifies that 

n 

(a) < ^o(a) := J] H" 1 (31) 

i=l 

for all but finitely many a G Z n . Therefore, 

0) C Aj(^ ,e) (32) 

and so it suffices to show that \Af(^o,9)\ m = 0. With reference to the inhomogeneous 
transference framework of §j2JL2l let T := (Z >0 ) n and A : = Z n \{0} x Z. Define the 
auxiliary function r : T — > M + by setting 

r(t) := y/2(n + l)mC ■ 2 |t|/2 (33) 
where Co is as in (jSJ). Then, given e > 0, t G T and a = (a, a ) G A, let 

|a + a-f(x) + 0(x)| < 5*0(2*) 
I t (n.:):={xeE/: |V(a • f(x) + 0(x))| < er(t) J> (31) 

2** < max{l, |ai|} < 2 U+1 (1 ^ z < n) 
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and 



|ao + a-f(x)| < 2etf (2 t ) 
H t (a, e):={ x G U : |V(a-f(x))| < 2er(t) J> (3 r )) 

|0j| < 2 ti+2 (1 < i ^ n) 

where 2* := (2* 1 , . . . , 2 tn ). This defines the maps H and I - see (|24p . Furthermore, given 
5 G E, let 05 : T -> R+ be given by 

&(t) := 2*1*1 , (36) 

and let 

$:={0 5 : 0^5<i} . 
For any 5 G [0, 1/4), it follows that 

Aj^ ,e) C AM 

where Ai(<fts) is the 'inhomogenous' limsup set as defined by ( 125]) . Therefore, in view 
of (132]) . to establish Case B it suffices to show that 

\M(<f>s)\m = for some 6 G [0, |). (37) 

With this in mind, let xo be any point in U at which f is /-non-degenerate and let V be a 
sufficiently small open ball centred at xo such that Corollary [3] and the following statement 
are valid on V. 

Theorem 6 ( |24[ Theorem 1.4]) Letx G U andf : U — > W 1 be l-nondegenerate a£x . 
Then there exists a neighborhood V C U , of xo satisfying the following property. For any 
ball B C V there exists E > such that for any choice of real numbers u, K, Ti, . . . , T n 
satisfying the inequalities 

0<w<l, Ti,...,T n ^l, K>0 and 1 "J, - < 1 



maxj Ti 



the set 



|f(x) • q|| < u 

S(u, K, Ti, . . . , T n ) := { x G B : 3 q G Z n \{0} snc/i that | Vf (x) • q| < if 

|<&| < Ti (1 ^ z ^ n) 

1 

/ias m- dimensional Lebesgue measure at most E e m <- 2l - 1 '> \B\ m , where 

fuKT 1 ---T n \^ 



f uKT l ---T n \ 
\ maxj Ti J 



e := max u, — — . (38) 
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Furthermore, let \i be m- dimensional Lebesgue measure restricted to V. Since f is /-non- 
degenerate almost everywhere, the desired statement (1371) follows on showing that 

fi(Ai(&)) = for some 5 G [0, J) . (39) 

For this, we make use of the Inhomogeneous Transference Principle. Indeed, suppose for 
the moment that (H, I, $) satisfies the intersection property and fi is contracting with 
respect to (I, $). Then, in view of Theorem El to establish ( 13"9~|) it suffices to show that 

/i (A H (0 5 )) = for some 5 G [0, \) . (40) 

Armed with Theorem El it is relatively painless to establish (HI)]) . Fix any 5 G [0, 1/4) and 
notice that in view of (135 p it follows that 

\jK t (a,<f> 6 (t)) = S(u,K,T 1 ,...,T n ) 

with 

w = 20i(t)* o (2'), K = 2 4>s(t) r(t) and Tj = 2 ti+2 (1 < i< n). 

Using the explicit values of ^0(2*), r(t) and 0^(t) given by (13T1) . (133|) and (1361) respectively, 
we find that the quantity e defined by (138]) satisfies 

(i/a-ag) 1,1 

e < 2 "+1 . 

Therefore, Theorem El implies that 



|J H t (a,&(t)) 



< 2~ 7|t| 



where 7 := i s a positive constant. The upshot is that 



I U Qe ^ H t (a, <Mt)) | m « ^ 2-^1*1 < 00 



teT tez n 
which together with the Borel-Cantelli lemma implies the desired zero measure statement 

/i(A H (0 5 )) =0. 

It remains to verify the intersection and contracting properties. 
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2.3.1 Verifying the intersection property 



Let t G T with |t| > 2 and suppose that 

xGlt(a,0 5 (t))nI t (a',<Mt)) 

for some distinct a = (a, do) and a' = (a', a' Q ) in A. Then, by f )34|) and fl35|) we have that 

f |a o + a-f(x) + 0(x)| < ^(t)* (2 4 ) 
1 K + a'-f(x) + 0(x)| < <5 (t)* o (2 t ) 

f |V(a-f(x)+0(x))| < 5 (t)r(t) 
1 |V(a'-f(x)+0(x))| < Mt)r(t) 

and 

J |aj| < 2 <l+1 (1 <i < n) 
\ \a' { \ < 2 U+1 (1 <i < n) , 

where (ai, . . . , a n ) = a and (a' 1; . . . , a' n ) = a'. Subtracting the first inequality from the 
second within each of the above three systems gives 

< + a"-f(x)| < 20tf(t)tf o (2 t ) 

|V(a"-f(x))| < 20,(t)r(t) (41) 
K| < 2**+ 2 (1 < i < n) , 

where a" = (a", . . . , aJQ := a' — a and Oq := a ~ a o- Regarding the first of the above 
inequalities, by (j3"Ij) and the definition of we have that (j>s{t) \I / o(2 t ) < 2 _ il t L Suppose 
for the moment that a" = 0. Since a, a' G A are distinct, we must have that a' ^ ao and 
so 

K + a"-f(x)| = Kl ^ 1. 

However, for any t with |t| > 2, this contradicts the first inequality of (jUJ. Hence a" 7^ 
and it follows that a" G A. The upshot is that x G H t (ai", ^(t)) and therefore f )26|) is 
satisfied with 0* = 0^. This verifies the intersection property. 



2.3.2 Verifying the contracting property 

To start with recall that V is a sufficiently small open ball such that Corollary [3] is valid 
on 5V. Thus, there exist positive numbers H and C such that for any t G T and 
a = (a, ao) G A satisfying |a| ^ Hq both ao + a • f + 9 and | V(a • f + 9\ are (C, ^j)-good 
on 5V. In turn, by Lemma [U for any t G T and a = (a, ao) G A satisfying |a| ^ Hq we 
have that 

Ft, Q is (C, ^)-good on 5V, (42) 
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where Ft, a : U — > R is the function given by 

F t , a (x) := max 1 (2 t )r(t)|a + a ■ f (x) + 0(x)|, |V(a ■ f(x) + 0(x))|}. 

Notice that the first two inequalities of fl34|) are equivalent to the single inequality 

F t , a (x) <er(t). 

Therefore, by definition 

I t (a,e) = {x e U : F t , a (x) < er(t)} (43) 

if 

2* 1 < max{l, \ ai \} < 2 u+l (1 < i < n). (44) 
Obviously, if (jHJ) is not fulfilled then I t (a,e) = irrespective of e. 
Next, given (f>g G $ let 

Clearly, </>^ also lies in $. It is easily seen that 0^(t) ^ 0^ (t) for all t G T and therefore 

l t («,0,(t))cl t (a,0+(t)). (45) 

We now construct the collection Ct, a of balls centred in V that satisfy the conditions 
fl28|) - fl30l for an appropriate sequence k t . If l t (a, 4>s{t)) = 0, the collection C t , a = 
obviously suffices. Thus, we can assume that (jHJ) is satisfied and so I t (a, e) is defined by 
(143]) . By (PU) and the definition of $, it follows that 

It(a, <#(t)) C {x G C/ : |a + a • f (x) + 0(x)| < 2-11*1}. 

As already pointed out above, a + a • f + 9 is (C, ^)-good on 5V for all sufficiently large 
|a|. Therefore, by the definition of (C, a)-good (Definition [1]) and Corollary H] we have that 

\l t (a,<pj(t))nV\ m ^ |{xGF:|a o + a-f(x) + 0(x)|<2-tl t l}| m 

3 it| , 

< 2-—i\V\ m , 
whenever |t| is sufficiently large. Hence, 

l t (a, <f>}(t)) (t V for all sufficiently large |t|. (46) 

By ( |4"5]) and the fact that It (a, (j)f(t)) is open, for every x G S fl I t (a, <f>s(t)) there is a ball 
B'(k) centred at x such that 

B'(x)cl t (a,0+(t)). (47) 
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On combining (j4U|) . fH7|) and the fact that V is bounded, we find that there exists a scaling 
factor r ^ 1 such that the ball 5 = -B(x) := tB'(x) satisfies 

S n £(x) c I t (a, $"(t)) ^ S n 5£(x) ( 48 ) 

and 

55 (x) C 5V. (49) 

We now let 

C t>a ■= {S(x) : x6Snl t (a,0i(t))}. 

Then, by construction and the l.h.s. of (|48p . conditions (|28p and (1291) are automatically 
satisfied. Regarding condition (1301 . consider any ball B G C t)Cr By (J4"3~]l and the r.h.s. 
of (JUJ), we have that 

sup F t , a (x) ^ sup F t>a (x) ^ <f>t(t) r(t). (50) 

xe5B XG5BHS 



On the other hand 



sup F t , a (x) ^ 5 (t)r(t). (51) 

x65Bnlt(a,^(t)) 

Then, in view of the definitions of (f>s, <f)~$ and r(t), we obtain via ( 150]) and (I5ip that 

sup F tiQ (x) < 2- 1 ^- 5 ^ sup F t , a (x). (52) 

x65flnlt(a,0«(t)) xe5B 

Now notice that since f j44l) holds, we have that |a| > i/o for all t G T with |t| sufficiently 
large. Thus, whenever |t| is sufficiently large, ( 1421) is valid which together with (j4"9~|) and ( 1521) 
implies that 

5£?nl t (a,<Mt)) < {xG5B: |F t>Q (x)| < 2-s(MN S up xe5B F t>a (x)} 

^ (72-**l t l|5S| m (53) 

where '■= \(\~ ^) 7^ > 0- O n using the fact that B is centred in V C S, we have that 
|5-B| m ^ c m fi(5B) for some constant c m depending on m only. Hence (153!) implies that for 
all but finitely many t G T 

/i(5BnI t (a,fo(t))) s= |5Snl t (a,^(t))| ro < c m C2~ 8 ' 1*^(55). 

This verifies (1301) with 

kt '.— c m C2 ' ' . 

Furthermore, it is easily seen that the convergence condition (|27|) is fulfilled. The upshot 
is that all the conditions of the contracting property are satisfied for the collection C t , a as 
defined above. 
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3 The divergence theory 



The goal is to prove Theorems [2] & [3j Thus, throughout s > m — 1 and \l/ is a multivariable 
approximating function satisfying property P and the divergent sum condition 

agZ"\{0} 

Without loss of generality, we will assume that the vector v = (vi, . . . ,v n ) appearing in 
the definition of property P satisfies 

V\ = |v| = max \vi\ . (55) 

3.1 TheoremS] => Theorem H 

We will need the following technical lemma. 

Lemma 3 Let fi be a finite doubling Borel regular measure on a metric space (X, d) such 
that X can be covered by a countable collection of arbitrarily small balls. Let f : X — > M + 
be a uniformly continuous bounded function and let v be a measure on X given by 

u(A) := / f{x)dfi(x) (56) 

J A 

for every measurable set A C X. Let {Sq}q 6 n be a sequence of measurable subsets of X 
and < uj < 1 be a constant. Suppose that for every sufficiently small closed ball B C X 

limsup n(S Q nB) ^ ufi(B). (57) 

Q— ¥oo 

Then for every measurable set W C X 

limsup u(S Q nW) ^ cou(W). (58) 

Proof. Let W be any measurable subset of X. For every e > and 5 > there is a 
finite collection C £y s of disjoint closed balls with radii < 5 such that 

(jL(WAW e , s ) < s, (59) 

where EAF := (E \ F) U (F \ E) and W £> $ := U Be c £ , B - This is a consequence of [ffil 
Theorem 2.2.2] and the discussion of [HI p. 28]. Since / is bounded, there is a constant 
C > such that u(A) ^ Cfi(A) for every measurable set A. Therefore, (|59l) implies that 

u(WAW £jS ) < Ce. (60) 



# a 



oo. 



(54) 
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For every B G C £ j let s# '■= sup,,, gB f(x). Since / is bounded, the quantity sb is finite. 
Next, since / is uniformly continuous, for every e > there is a 5 > such that for every 
B G C £j s we have that 

^ s B - /0) < e for all x G B . (61) 

Since C e ^ is finite, property ( 1571) implies that there is a sufficiently large Qo such that for 
all Q ^ Qo and any B G C £)( s we have that 

H(S Q n 5) < (w + e)/i(S). (62) 

Then, for Q ^ Qo h follows that 

l60t 

n W) ^ Ce + J2 B eC e5 H 



E3 



x 



+ £ Bec e , s s b KSq n B) 

(62) 

< Ce + (w + e) E Be c £ , 4 + e)^M(^) 
Ce + (u + e) J Wss (f(x) + e)dn(x) 
Cs+(uj + s) (u(W s , £ ) + sfi(Ws, £ )) 

J59tfcl60t 

< Ce + (w + e)(i/(^) + Ce + e(/i(^)+e)). 

The latter expression tends to u)v(W) as e — > 0. Since ^(Sq fl W) is independent of e, we 
obtain ( |58|) as required. □ 



Let f \ U M™ be a map defined on an open set U C M m . Given an n-tuple v = 
(vi, . . . , v n ) of positive numbers satisfying v\ + • • • + v n = n, 5 > and Q > 1, let 

$l(Q,6) := |x E U : 3 a G Z n \ {0} such that ||a- f(x)|| < 5Q- n and |a| v < q|. 

Definition 2 We will say that f is v-mce at xo G Z7 if there is a neighborhood Uq G U 
of x and constants < 5, u < 1 such that for any sufficiently small ball B G Uq we have 
that 

limsup \$ { V {Q, 5) n S| m < w|S| m . 
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The map f is said to be v-nice if it is v-nice at almost every point in U. Furthermore, f 
is said to be nice if it is v-nice for all choices of v. 

Let A be any Lebesgue measurable subset of U. Consider the measure v given by 

v(A) := / detG(x) 1/2 dx, 

J A 

where G(x) := {di,j( x )) 1<{ j <m with gjj := df/dxi ■ df/dxj. It is well known that the 
induced measure of a set S on the manifold Ai parameterised by f is given by v(A) with 
A = f -1 ^). It is easily verified that 

\A\ m = [ detG(x)- 1 / 2 rfz/(x). 

J A 

Since f is a Monge parameterisation, det G(x) is bounded away from both zero and infinity 
on a sufficiently small neighborhood of any point x. Hence, together with Lemma [3] we 
deduce the following statement. 

Proposition 3 Let f : U — > M. n be a C 2 parameterisation of a C 2 manifold A4 <zM. n . Let 
Xq G U and yo = f(xo). Then f is v-nice at xo if and only if Ai is v-nice at yo. 

In turn this proposition together with the following lemma implies that non-degenerate 
manifolds are nice and so Theorem [2] is a consequence of Theorem [3l 

Lemma 4 Let f be non- degenerate at xo G U . Then there is a ball Bq C U centred at xo 
and a constant C > such that for any ball B C B we have \^(Q,5) fl B\ m ^ C8\B\ m 
for all sufficiently large Q. 

In the case v = (1, . . . , 1), the lemma coincides with Theorem 2.1 in |10j . For arbitrary 
v, on replacing the supremum norm by the v-quasinorm, the arguments in (TO] can be 
naturally adapted to establish Lemma HI The details are left to the energetic reader. 

3.2 Ubiquitous systems in M. m 

The proof of Theorem [3] will make use of the ubiquity framework developed in [11]. The 
framework introduced below is a much simplified version of that in [11] and takes into 
consideration the specific application that we have in mind. 

Throughout, balls in M m are assumed to be defined in terms of the supremum norm 
| ■ |. Let U be a ball in R m and 1Z = (R a ) a< zj be a family of subsets R a C M m indexed by a 
countable set J. The sets R a are referred to as resonant sets. Throughout, p : 1R + —> M + 
will denote a function such that p(r) — > as r — > oo. Given a set A C U, let 

A(A, r) := {x G U : dist(x, A) < r} 
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where dist(x, A) := inf{|x — a| : a G A}. Next, let ft : J — > M + : a h- >■ ft a be a positive 
function on J. Thus the function ft attaches a 'weight' /3 a to the set R a . We will assume 
that for every t € N the set J t = {a G J : ft a ^ 2*} is finite. 



The intersection conditions: There exists a constant 7 with < 7 < m such that 
for any sufficiently large t and for any a G J t , c G R a and < A ^ p(2*) the following 
conditions are satisfied: 

\B(c, \p{2 t )) n A(R a , A)| m > Cl |B(c,A)U (^)" (63) 

|fl n J B(c,3p(2 i )) n A(i? a , 3A)| m < c 2 |B(c, A)| m (^j^j (64) 

where S is an arbitrary ball centred on a resonant set with radius r(B) ^ 3p(2 t ). The 
constants C\ and c 2 are positive and absolute. The constant 7 is referred to as the common 
dimension of 1Z. 



Definition 3 Suppose that there exists a ubiquitous function p and an absolute constant 
k > such that for any ball B C U 

> k\B\ m . (65) 

Furthermore, suppose that the intersection conditions ( 1631) and EH are satisfied. Then the 
system (1Z, ft) is called locally ubiquitous in U relative to p. 



lim inf 

t— >oo 



|J A( J R Q ,p(2 i ))n J B 



Let (72., /3) be a ubiquitous system in U relative to p and <p be an approximating function. 
Let A(0) be the set of points x G U such that the inequality 

dist(x ;J R Q ) < (j)(ft a ) (66) 

holds for infinitely many a G J. 



Lemma 5 (Ubiquity Lemma) Lei 6e an approximating function and (1Z, ft) be a lo- 
cally ubiquitous system in U relative to p. Suppose that there is a \ £ ~R, 0<A<1 such 
that p(2 m ) < Xp(2 t ) for all t G N. Then for any s > 7 

H'{A{4>)) = H'{V) if J2^f^ = oo. (67) 



Remark. When s > m, we have that 7^ S (A(0)) = H S (U) = and the lemma is trivial. 
In the case s = m it is a consequence of [TH Corollary 2] and in the case s < m it is a 
consequence of [HJ Corollary 4 ]. 
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3.3 The appropriate ubiquitous system for Theorem [3] 

Recall that f = (fx, . . . , f n ) : U — » W 1 is a v-nice C 2 map satisfying (|5j), where U is a ball 
in M. m . Also recall that 9 : U — >■ IR is a C*- 2 -* function. Let J-" n denote the set of all functions 
F : U —> M given by 

F(x) = a + ai/i(x) + a 2 / 2 (x) + . . . + a n /„(x) , 
where a , . . . , a n are integer coefficients not all zero. Given F £ J^, let 

^:={xef/: F(x) + 0(x) = 0} and if v (F) := max |a;| lA \ (68) 

The key to establishing Theorem [3] is the following ubiquity statement. With reference to 
the abstract setup of H3.'2\ the indexing set J = T n and so F plays the role of a G J. 

Proposition 4 Let xo G C/ be such that f is v-nice at xo. Tnen i/jere is a neighborhood Uq 
o/xo, constants kq > and «i > 1 and a collection 1Z := (-Rf) p t of sets Rf C -Rf H t/o 
such that the system (71,(3), where 

(3 : .F n -> M+ : F ^ := k ^v(F), 

locally ubiquitous in Uq relative to p(r) := n\r~ n ~ Vl with common dimension 7 := m — 1. 

The sets Rf are essentially the appropriate resonant sets. However, to ensure that 
the intersection conditions associated with ubiquity are satisfied, in particular, the lower 
bound condition f )63|) . we cannot in general work with the sets Rf directljU. To illustrate 
this, consider the following explicit examples. 

Example 1. Let m = 2, n = 3, U — {(xi,x 2 ) G M 2 : x\ + x\ < 1} and /(xi,x 2 ) = 
y/l — x\ — x\. It is easily seen that for most choices of F the intersection conditions are 
satisfied with 7 = 1. However, when a = (—1,0,0,1) and so F — f — 1, we have that 
Rf = {(0,0)}. Then the l.h.s. of ( 163]) is comparable to A 2 , while the r.h.s. of fl63|) is 
comparable to Ap(2*). Thus fl63l) is violated. 

Example 2. Let m = 2, n = 3, U = (a, a + l) 2 with a a Liouville number and f(xx, £ 2 ) = 
x\ + x\. As in the above example it is easily seen that for most choices of F the intersection 
conditions are satisfied with 7 = 1. Since a is Liouville, for any real v we have that 
I a — p/q\ < q~ v for infinitely many rationals p/q (q > 0). Consider a = (— 2p, q, q, 0) if 
a — p/q < and a = (— 2(p + q), q, q, 0) if a — p/q > 0. It is a simple matter to verify 
that Rf is a line segment of length comparable to \a —p/q\ < q~ v - Then the l.h.s. of ( 163]) 

2 In various previous applications of ubiquity to approximation problems on manifolds the intersection 
conditions have not always been explicitly addressed. Indeed, it is not clear in some instances whether or 
not the authors have defined Rf to be the resonant sets. 
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is comparable to A(A + q v ), while the r.h.s. of ( 163]) is comparable to Xp(2 t ). For large 
enough v, the upshot is that (1551) is violated. 

The upshot is that the sets Rp need to be modified in an appropriate manner to yield the 
resonant sets Rf - namely via the 'trimming' procedure described in §3.3.21 belowl. 



3.3.1 Proof of Theorem [3] modulo Proposition [4] 

Fix xq G U such that f is v-nice at xo and let Uq be as in Proposition HI Since f is v-nice 
(i.e. f is v-nice at almost every point in U), it suffices to prove that 

n s (M^,e)nu ) = n s (u ). (69) 



With reference to §3^1 let U = Uq and 

: r -> 0(r) := (2nC )- 1 (K Q 1 r)~ Vl iP(k V) . 

Here the approximating function ip and the vector v = (vi, . . . , v n ) are associated with the 
fact that \1/ is a multivariable approximation function satisfiing property P. Our first goal 
is to show that 

A(0)cAf(*,0). (70) 

Let x = (xi, . . . ,x m ) G A(0). By definition, A(0) is a subset of Uq and inequality (1661) is 
satisfied for infinitely many F = Oo + aifi + • • • + a„/ n G J-'n - recall that we have identified 
a with F and J with J-" n . Now fix such a function F. Then, by the definition of (3 and the 
properties of Rp within Proposition HI there exists a point z = (zi, . . . , z m ) G f/ such that 
F(z) + 0(z) = and 

|x-z| < <f>{KoH v {F)). (71) 
Thus, by the Mean Value Theorem it follows that there exists some x G Uq such that 



|F(x) + 0(x) 



CD 



ix-ziEr=i|£-(E; =1 ^+^)(x) 

2nC |x — z| max ls gj<; n \aj\ 



2nC 4>(kqH v (F)) max lsS j 

2nC <J)(kqH v (F)) H V (F)^ 
ip(H„(F)) = *(a). 



| | 



3 The trimming procedure can be replicated to address the oversights alluded in the previous footnote. 
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The upshot is that there are infinitely many F G J- n satisfying the above inequalities. This 
verifies (ITUI) and together with Lemma [5] implies (|69|) as long as the sum in (|67|l diverges. 
We now verify this divergent condition. Recall that 7 := m — 1 and so 

f> 0(2 f )— +1 ^ f> (2-^V(/^ 1 2*)) a - m + 1 

2^ p (2t) ~ 2^ 2-(»+«i)« ' { } 

t=i rv 7 t=i 

On using the fact that 1*1 H — • +v n — n, it follows that for any t G N the number of a G Z" 
such that k 2* < |a| v ^ k 2* +1 is comparable to 2 n *. Also, by (I55p we have that |a| x 2 vit 
whenever K 2 t < |a| v ^ K 2 t+1 . Therefore, 

r.h.8. of dzzD x f; y: I^t) 8 "" 1 - (73) 

4=1 K 2 t <|a| v ^K 2 t + 1 ^ ' ' ' 

Next, since ip is decreasing, it follows that i/j(kq 2 l ) ^ ^(|a| v ) = ^(a) whenever « 2* < 
|a| v ^ K 2 t+1 . Therefore, 



r.h.s. of dzi » f; i a i (it) 

+ — 1 „.Ot^l„l ,-,,--0*4-1 VII/ 



-m+1 



t=l K 2*<|a| v s:Ko2*+ 1 



la, , H¥V m+1 S 00. 



agZ\{0} 

This completes the proof of Theorem [3] modulo Proposition HJ 



3.3.2 The resonant sets 

As already mentioned, the sets Rf given by (168]) are essentially the appropriate resonant 
sets. However, to ensure that the intersection conditions associated with ubiquity are 
satisfied, these sets require modification. Essentially, we impose the condition that 

\£-(F + 0)(x)\ > p|V(F + 0)(x)| forallxGf/o (74) 

for some fixed p G (0, 1). In what follows the projection map 7r : M. m — > M m_1 will be given 
by 

ir{x 1 ,x 2 , ...,x m ) = (x 2 , ...,x m ). (75) 

Proposition 5 Let p and (3 be as in Proposition \^ Let Uo be any open subset of U and 
p G (0, 1). ForF G T n let 

V:=n(R F nU ), V := \J \B (76) 

3p(f3 F )-balls BcV 
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and _ 

\ ir-\V) HR F ifF satisfies flUD 

-^F := S (77) 
[ (t) otherwise 

where 3p(f3p) -balls are open balls in M m_1 of radius 3p((3 F ). Then, Rp satisfies the inter- 
section conditions (1631) and (1641) wi£/i 

Cj ;= 2 -2m+3 ?; -i anrf C2 . = Sm2 m (pv m )- 1 , 
where v m is the volume of an m- dimensional ball of unit radius. 



Proof. Let t G N, F G F n and f3 F < 2*. In view of (171) the gradient of F + 9 never 
vanishes on Uq and therefore the set Rf H C/q := {x G % : -^( x ) + $( x ) = 0} is a regular 

submanifold of [To of dimension (m — 1). This is a well known fact from differential 
geometry - see, for example [131 Theorem 1.13]. Furthermore, ()74[) together with the 
Implicit Function Theorem implies that Rp C\ Uq can be defined as the graph G 9 (V) of a 

function g : — > R, where 

^(S) : = • • • ,x m ),x 2 , • ■ • ,x m ) : (x 2 , . . . , x m ) G 5} (78) 

for SCF. Then, by the definition of Rf, we have that Rf = G g (V). If Rf happens to be 
empty, the intersection conditions (|63|) and (|64|) are trivially satisfied. Otherwise, i?p 7^ 
and we proceed as follows. 

Given r > and a set A C R m , let 

Ai(A, r) := {Ae x + x : |A| < r, x G A}, 
where ei := (1, 0, . . . , 0) G M m . By the definition of g, 

(F + 9)(g(x 2 ,...,x m ),x 2 ,...,x m ) = for all (ar 2 , • • • , x m ) G V . 
Then differentiating this identity and using (1711) . we obtain that 

|Vp(x 2 , • • • ,x m )\ ^ for all (x 2 , ■ ■ ■ , x m ) G V. (79) 

We now show that 

Ai(R F ,r)) C A(R F ,r]) C A^RpnUo^mp- 1 ) for any 77 ^ 3p(/3 F ). (80) 

Indeed, the l.h.s. of (1801) is a straightforward consequence of the definitions of A(A,r) and 
Ai(A,r). To prove the r.h.s. of flHUl) take any z G A(R F ,r)). Then there exists x G i?F 
such that dist(z,x) < rj. By the definition of Rp and V, we have that 7rx G |.B for some 
3p(/3 jF )-ball 5 C V". Hence, B(-KX.,3p(/3 F )) C B C V. Since dist(7rz, 7rx) < dist(z,x) < 
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7] ^ 3p((3p), we have that 7rz G V. Then, on making use of the Triangle Inequality and the 
Mean Value Theorem we find that 

EE} {79)1 

|zi-5f(7rz)| = l^i -xi + #(ttx) — ^(ttz)| ^ i] + \g(irx) - g(nz)\ ^ T]mp" . 

This verifies the r.h.s. of fl80|) . We are now in the position to establish the intersection 
conditions fl63|) and f )64|) . 

T/ie lower bound condition. Let c G -Rf and < A ^ p(2*). Since p is decreasing, we have 
that p(2<) s= p(/3 F ). Then, by (EDJ), we find that 

J B(c,ip(2*))nA( J R F ,A) D J B(c,ip(2'))nA 1 ( J R F ,A) D A^G^W), A), (81) 

where W := 7r(£>(c, |p(2*))) PI V. Since c G -Rf, we have that nc G V and therefore 

there exists a 3p(/3i?)-ball B G V such that 7rc G Hence, since 3p((3 F ) ^ p(2*) and 
7rc G |-B C V, the set ir(B(c, |p(2*))) D |-B contains a ball of radius |p(2*) and therefore 

K(S(c,ip(2*))) n ±5L-i ^ (ip(2 t )) m ~V-i > (ip(2')) m ~ 1 . 

Consequently, |W| m _i ^ (ip(2')) m_1 . Finally using ( IHTl) and Fubini's theorem gives 

|fi(c,|p(2 t ))nA( J R F ,A)| m ^ |lf 2A > (^(JZ*))™" 1 2A 



ci |S(c, A)|, 



P(2* 
A 



TTie upper bound condition. Take any c G -Rf, any positive A ^ p(2') and any ball B 
with radius r(B) ^ 3p(2*). Since p is decreasing, we also have that p(2*) ^ p(f3 F ). Then, 
by flUD, we find that 

BnB(c,3p(2 t )) n A(R F ,3\) C B D £(c, 3p(2*)) n Ai(fl F n U , 3\mp- 1 ) 

(82) 

C A 1 (G g (W'),3Xmp- 1 ), 

where W := n{BnB{c, 3p{2 t ))nR F nU ). Clearly, diamW 7 ' ^ 2r(S). Therefore, using ([82]) 
and Fubini's theorem gives 

|5n£(c,3p(2')) n A(i? F ,3A)| m ^ l^'L-i 6Amp _1 < (2r(i?)) m_1 6Amp _1 

= C2 \B( C ,x)\ m (^y 1 . 

□ 
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3.4 Proof of Proposition [4] 

Let xo G U be such that f is v-nice at xo and let Uq be the neighborhood of xo that arises 
from Definition [2j Without loss of generality, we will assume that Uq is a ball satisfying 

diamf/ ^ (2nm(n + l)C r n ) _1 , (83) 

where 5 is as in Definition [2] and Co is as in ([5]). We shall show that there are constants kq > 
and K\ > 1 and a value for p associated with (IT4"1) such that the collection (i?p)i? e jr n given 
by f!77|) satisfies the statement of Proposition HI In view of Proposition [51 the intersection 
conditions fl63l) and are then automatically satisfied. Thus, to establish ubiquity all 
that remains is to verify the measure theoretic 'covering' condition fl65l) . 

Let B C £/o be an arbitrary ball and t be a sufficiently large integer. Let 

Q = 2\ 

By Definition [2J for some fixed 5, u; G (0, 1) we have that 

limsup \$1{Q,6) D±B\ m <: u)\±B\ m . 

Therefore, for sufficiently large Q we have that 

\\B \ ®l(Q, S)\ m > |(1 - u)\\B\ m = 2- m -\l - co)\B\ rn . 
Therefore, if we can show that 

|5\<(Q,5)C U HRf,p(Q))^B (84) 

then fl65l) would follow as required. With this in mind, let 

xe|B\<(Q,(5) 
and consider the system of inequalities 



|on/n(x) + ... + ai/i(x) + ao| < Q n 

\<n\ < Q Vl (1 < « < n) 



J5) 



The set of (ao, . . . , a n ) G R n+1 satisfying (|85|) gives rise to a convex body D in M n+1 which is 
symmetric about the origin. Let To, ... , r n+ i be the successive minima of D. By definition, 
T\ ^ r 2 ^ . . . ^ r n+ i. Since x ^ ^(Q' we have that n ^ 5. By Minkowski's theorem 
on successive minima EH, we have that 



n • • • r n+1 Vol(D) < 2 



n+1 
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In view of the fact that v± + • • • + v n = n we find that Vol(-D) = 2™. Therefore, 
Ti • • • T n+ i ^ 1, whence 

T n +i < (ri • r 2 -- -O" 1 < cT n . 

By the definition of r n+ i, there are linearly independent vectors &j = (a^o, . . • , aj, n ) G Z n+1 
(0 ^ j ^ n) such that the functions Fj given by 

Fj(x) := aj-, n / n (x) + . . . + %,i/i(x) + a jj0 

satisfy 



6) 



|F,(x)| < C 2 Q-« 

|%,i| < C 2 Q Ui (1 < i < n), 
where 

C 2 := <T n . (87) 

The next step is to construct a linear combination of Fj which gives rise to a resonant 
set Rf with x lying within a sufficiently small neighborhood of Rf- With this in mind, 
consider the following system of linear equations 

7?oF (x) + . . . + r? n F n (x) + #(x) = 
% ^-J?o(x) + ... + ^F B (x) + ^(x) = Q^+ELol^WI (88) 
?7oao,j + . . • + T] n a nJ = (2 < j ^ n). 

Using the fact that /i(x) = xi, it is readily verified that the determinant of this system is 
equal to det(a,p )o<ij< n - The latter is non-zero since a , . . . ,a n are linearly independent. 
Therefore, the system flHHl) has a unique solution rjo, ■ ■ ■ ,r] n . For the integers U := [r]i\ we 
have that 

|t;-77;|<l (O^i^n). (89) 

Let 

F(x) := t F (-x) + ... + t n F n (x) = a n / n (x) + . . . + Oi/i(x) + a , 

where Oj := t a o,j + - • - + ^n a n,i- We claim that F satisfies (fTljl . the height condition (3f ^ Q 
and moreover x G A(Rp, p(Q))- Thus (I84p follows and we are done. 

Verifying the height condition: By making use of (1861) . (j88p and (I89p . we find that 

\dj\ ^(n + l)C 2 Q Vi (2 < j < n) (90) 

and 

|F(x) + 0(x)| < {n + l)C 2 Q- n . (91) 
Using the second equation of (I8"8l . we find that 

£-(F + 6)(x) ^ Q V1 . (92) 
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In particular, this means that F is not identically zero and so F G T n . Next, using 
(186]) and the assumption that V\ = |v| we find that 







FU) 



^nC Q Vl for alH = 0,...,n. 



Together with (188]) and (1891 . this implies that 

^-(F + 0)(x)| ^ (2nC + l)Q v \ 
Furthermore, since f is a Monge parameterisation we have that 



a 

dx i 



(93) 



i=2 



Then, on using (jHJ), ( 1901) and (19*31) we obtain that 



[ail ^C 3 Q 



where C 3 := (n + 3) 2 C C ; 



2 • 



(94) 



This together with (190]) and fl92|) gives that 

k* Q^/3 f :=k H v {F)^Q, 
for some explicitly computable constant k , > depending only on v, n, C and C 2 . 

Verifying condition ( 174ft : In view of Taylor's formula, for any y G Uq we have that 



X j 



1=1 



(95) 



By making use of (jSJ), ( 190]) and ( I94p we find that the second term of the r.h.s. of f )95|) is 
bounded above by mnCo(n + 1)C*2 diam Z7o Q" 1 - In view of ( 183]) and ( IBTj) the latter is no 
larger than \Q Vl ■ On the other hand, by ( 192]) the first term in the r.h.s. of ( 195]) is ^ Q" 1 . 
Thus, (1931) implies that 



On the other hand, by using (jSJ), (1901) and (pi]) we find that 

£(F + 0)(y)| < C 4 Q V1 
for any i = 1, . . . , m and y G E/o, where 

C 4 := (n + 1)C max{C 3 , (n + 1)C 2 } . 
This together with the above lower bound inequality implies (174]) with p := (2mC 4 ) _1 . 

Verifying that x G A(i2p, p(Q)): We will makes use of the following easy consequence 
of the Mean Value Theorem. 
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Lemma 6 Let f : I — > R be a C 1 function on an interval I such that \f'(x)\ ^ d > 
for all x £ I. Let x\ E I and suppose that B(x\, \ f(xi)\d~ l ) C /. Then, there is an 
x G B(x\, If^xijld -1 ) such that f(xo) = 0. 

Let x ). Consider the interval 

/ := {x G R : (x, x 2 , ■ ■ ■ , x m ) G B} 

and the function /:/—)■ R given by f(x) = (F + 9)(x, x 2 , ■ ■ ■ , x m ). In view of (!9T|) and (|92|) 
and the fact that x G |S, Lemma [6]is applicable and implies that there exists some i G / 
such that f(x ) = and \x± — x \ ^ (n + l)C 2 Q~ n ~ Vl ■ Then x' := (x ,x 2 , ■ ■ ■ ,x m ) G B 
satisfies F(x') + 0(x') = and 

|x - x'| < (n + ^CaQ - "^ 1 • (96) 

On making use of (jSJ) and the Mean Value Theorem, we find that \(F + ^)(y)| for 
any y satisfying |y — x'| Q~ n ~ Vl . Then, on using the above argument for determining 
x', enables us to conclude that for sufficiently large Q the ball of radius 3p((3p) centred at 
7rx' is contained in V, where 7r is the projection map given by (175!) and V is as in (1761) . The 
details are pretty straightforward and are left to the reader. The upshot is that x' G Rf 
which together with ( 1961) implies that x G A(Rp,p{Q)) as required, where 

p(Q) = n 1 Q~ n ~ Vl with m := (n + 1)C 2 . 



Acknowledgements. The authors are extremely grateful to Bob Vaughan for all his support 
over the years and for promoting Number Theory at York. Also happy number sixty five! 

References 

[1] D. Badziahin, Inhomogeneous Diophantine approximation on curves and H aus dor ff dimen- 
sion, Adv. Math., 223 (2010), pp. 329-351. 

[2] D. Badziahin and J. Levesley, A note on simultaneous and multiplicative Diophantine 
approximation on planar curves, Glasg. Math. J. 49 (2007), pp. 367-375. 

[3] R.C. Baker, Dirichlet's theorem on Diophantine approximation, Math. Proc. Cam. Phil. 
Soc. 83 (1978), pp. 37-59. 

[4] V. Beresnevich, A Groshev type theorem for convergence on manifolds, Acta Math. Hun- 
gar., 94 (2002), pp. 99-130. 

[5] V. Beresnevich, On a theorem of V. Bernik in the metric theory of Diophantine approxi- 
mation, Acta Arith., 117 (2005), no. 1, pp. 71-80. 



34 



[6] V. Beresnevich, Rational points near manifolds and metric Diophantine approximation. 
Preprint larXiv: 0904. 04741 

[7] V. Beresnevich, V. Bernik, D. Dickinson, and M. Dodson, On linear manifolds for 
which the Khinchin approximation theorem holds. Vests! Nats. Akad. Navuk Belarus! Ser. 
F!z.-Mat. Navuk. (2002), no.2, pp. 14-17. 

[8] V. Beresnevich, V. Bernik and M. Dodson, On the Hausdorff dimension of sets ofwell- 
approximable points on nondegenerate curves, Dokl. Nats. Akad. Nauk Belarusi, 46 (2002), 
pp. 18-20, 124. 

[9] V. Beresnevich, V. Bernik, M. Dodson and S. Velani, Classical metric diophantine 
approximation revisited, Chen, W. W. L. (ed.) et al., Analytic number theory. Essays in 
honour of Klaus Roth on the occasion of his 80th birthday. Cambridge: Cambridge University 
Press. (2009), pp. 38-61. 

[10] V. Beresnevich, V. Bernik, D. Kleinbock and G. A. Margulis, Metric Diophantine 
approximation: the Khintchine-Groshev theorem for nondegenerate manifolds, Mosc. Math. 
J., 2 (2002), pp. 203-225. 

[11] V. Beresnevich, D. Dickinson and S. Velani, Measure theoretic laws for lim sup sets, 
Mem. Amer. Math. Soc, 179 (2006), pp. x+91. 

[12] V. Beresnevich, D. Dickinson and S. Velani, Diophantine approximation on planar 
curves and the distribution of rational points, Ann. of Math. (2), 166 (2007), pp. 367-426. 
With an Appendix II by R. C. Vaughan. 

[13] V. Beresnevich, R.C. Vaughan and S. Velani, Inhomogeneous Diophantine approxi- 
mation on planar curves, Math. Ann. (to appear), doi: 10.1007/s00208-010-0548-9. Preprint 
larXiv: 0903. 28171 

[14] V. Beresnevich and S. Velani, Schmidt's theorem, Hausdorff measures, and slicing, Int. 
Math. Res. Not., (2006), pp. Art. ID 48794, 24. 

[15] V. Beresnevich and S. Velani, A note on simultaneous Diophantine approximation on 
planar curves, Math. Ann. 337 (2007), no. 4, pp. 769-796. 

[16] V. Beresnevich and S. Velani, Simultaneous inhomogeneous Diophantine approximation 
on manifolds. Preprint arXiv T0710 . 5685, 

[17] V. Beresnevich and S. Velani, An inhomogeneous transference principle and Diophan- 
tine approximation. Proc. Lond. Math. Soc. (to appear). doi:10.1112/plms/pdq002. Preprint 
larXiv: 0802. 18371 

[18] V. Beresnevich and S. Velani, Classical metric Diophantine approximation revisited: 
The Khintchine-Groshev theorem. Int. Math. Res. Not. 2010, no. 1, (2010), pp. 69-86. 

[19] V. Beresnevich and E. Zorin, Explicit bounds for rational points near planar curves and 
metric Diophantine approximation. Adv. Math, (to appear). Preprint arXiv: 1002.2803, 



35 



[20] V. Bernik, An application of Hausdorff dimension in the theory of Diophantine approxi- 
mation, Acta Arith., 42 (1983), pp. 219-253. (In Russian). English transl. in Amer. Math. 
Soc. Transl. 140 (1988), 15-44. 

[21] V. Bernik, D. Dickinson and M. Dodson, Approximation of real numbers by values of 
integer polynomials, Dokl. Nats. Akad. Nauk Belarusi, 42 (1998), pp. 51-54, 123. 

[22] V. Bernik, H. Dickinson and J. Yuan, Inhomogeneous Diophantine approximation on 
polynomial curves in Q p , Acta Arith., 90 (1999), pp. 37-48. 

[23] V. Bernik and M. Dodson, Metric Diophantine approximation on manifolds, vol. 137 of 
Cambridge Tracts in Mathematics, Cambridge University Press, Cambridge, 1999. 

[24] V. Bernik, D. Kleinbock and G. A. Margulis, Khintchine-type theorems on manifolds: 
the convergence case for standard and multiplicative versions, Internat. Math. Res. Notices, 
(2001), pp. 453-486. 

[25] V. Bernik and E. Kovalevskaya, Simultaneous inhomogeneous Diophantine approxima- 
tion of the values of integral polynomials with respect to Archimedean and non- Archimedean 
valuations, Acta Math. Univ. Ostrav., 14 (2006), pp. 37-42. 

[26] V. Bernik and N. Shamukova, Approximation of real numbers by integer algebraic num- 
bers, and the Khinchin theorem, Dokl. Nats. Akad. Nauk Belarusi., 50 (2006), no. 3, pp. 30-32. 

[27] D. A. Bodyagin, Nonuniform approximations and lower bounds for the Hausdorff dimen- 
sion, Vests! Nats. Akad. Navuk Belarus! Ser. Flz.-Mat. Navuk, (2005), pp. 32-36, 126. 

[28] N. Budarina and D. Dickinson, Diophantine approximation on non- degenerate curves 
with non-monotonic error function, Bull. Lond. Math. Soc. 41 (2009), no. 1, pp. 137-146. 

[29] N. Budarina and E. Zorin, Non-homogeneous analogue of Khintchine's theorem in di- 
vergence case for simultaneous approximations in different metrics, Siauliai Math. Semin. 
4(12) (2009), pp. 21-33. 

[30] Y. BuGEAUD, Approximation by algebraic integers and Hausdorff dimension, J. Lond. Math. 
Soc, 65 (2002), pp. 547-559. 

[31] J. W. S. CASSELS, An introduction to Diophantine Approximation, Cambridge University 
Press, Cambridge, 1957. 

[32] H. Dickinson and M. Dodson, Extremal manifolds and Hausdorff dimension, Duke 
Math. J., 101 (2000), pp. 271-281. 

[33] H. Dickinson and S. Velani, Hausdorff measure and linear forms, J. reine angew. Math. 
490 (1997), pp. 1-36. 

[34] M. Dodson, B. Rynne, and J.A.G. Vickers, Metric Diophantine approximation and 
Hausdorff dimension on manifolds, Math. Proc. Cam. Phil. Soc. 105 (1989), pp. 547-558. 

[35] M. Dodson, B. Rynne, and J.A.G. Vickers, Diophantine approximation and a lower 
bound for Hausdorff dimension, Mathematika 37 (1990), pp. 59-73. 



36 



[36] H. Federer, Geometric measure theory, Springer- Verlag, 1969. 

[37] A. Ghosh, A Khintchine-type theorem for hyperplanes, J. London Math. Soc. (2) 72 (2005), 
no. 2, 293-304. 

[38] D. Kleinbock, Extremal subspaces and their submanifolds, Geom. Funct. Anal., 13 (2003), 
pp. 437-466. 

[39] D. Kleinbock and G. A. Margulis, Flows on homogeneous spaces and Diophantine 
approximation on manifolds, Ann. of Math. (2), 148 (1998), pp. 339-360. 

[40] D. Kleinbock and G. Tomanov, Flows on S -arithmetic homogeneous spaces and applica- 
tions to metric Diophantine approximation, Comment. Math. Helv., 82 (2007), pp. 519-581. 

[41] A. Mohammadi and A. Salehi-Golsefidy, S- Arithmetic Khintchine-Type Theorem, 
Geom. Funct. Anal. 19 (2009), no. 4, pp. 1147-1170. 

[42] A. Mohammadi and A. Salehi-Golsefidy, Simultaneous Diophantine approximation in 
non- degenerate p-adic manifolds, Israel J. Math, (to appear). 

[43] P. J. Olver, Applications of Lie groups to differential equations, vol. 107 of Graduate Texts 
in Mathematics, Springer- Verlag, New York, second ed., 1993. 

[44] N. Shamukova, On nonhomogeneous Diophantine approximations and integer algebraic 
numbers, Vests! Nats. Akad. Navuk Belarus! Ser. Fiz.-Mat. Navuk, (2007), no. 2, pp. 34-36. 

[45] R. C. Vaughan and S. Velani, Diophantine approximation on planar curves: the con- 
vergence theory, Invent. Math., 166 (2006), pp. 103-124. 

[46] A. E. Ustinov, Inhomogeneous approximations on manifolds in Q p , Vests! Nats. Akad. 
Navuk Belarus! Ser. Fiz.-Mat. Navuk, (2005), pp. 30-34, 124. 

[47] A. E. Ustinov, Approximation of complex numbers by values of integer polynomials, Vests! 
Nats. Akad. Navuk Belarus! Ser. Fiz.-Mat. Navuk, (2006), pp. 9-14, 124. 

Dzmitry Badziahin: Department of Mathematics, University of York, 
Heslington, York, YO10 5DD, England 
E-mail: db528@york.ac.uk 

Victor Beresnevich: Department of Mathematics, University of York, 
Heslington, York, YO10 5DD, England 
E-mail: vb8@york.ac.uk 

Sanju Velani: Department of Mathematics, University of York, 
Heslington, York, YO10 5DD, England 
E-mail: slv3@york.ac.uk 



37 



